This paper is concerned with the inflow problem for the one-dimensional compressible NavierStokes equations. For such a problem, F. M. Huang, A. Matsumura and X. D. Shi showed in [3] that there exists viscous shock wave solution to the inflow problem and both the boundary layer solution, the viscous shock wave, and their superposition are time-asymptotically nonlinear stable under small initial perturbation. The main purpose of this paper is to show that similar stability results still hold for a class of large initial perturbation which can allow the initial density to have large oscillations. The proofs are given by an elementary energy method and the key point is to deduce the desired uniform positive lower and upper bounds on the density.
Introduction

The inflow problem
This paper is concerned with the large time behaviors of solutions to the inflow problem for onedimensional compressible Navier-Stokes equations in the Eulerian coordinates ρ τ + (ρu)x = 0, (ρu) τ + (ρu 2 + p)x = µuxx (1.1) on the half line R + = [0, +∞) with prescribed initial and boundary conditions (ρ(τ,x), u(τ,x)) |x =0 = (ρ − , u − ), u − > 0, ρ − > 0, τ ≥ 0, (ρ(τ,x), u(τ,x)) | τ =0 = (ρ 0 (x) , u 0 (x)) → (ρ + , u + ) , as 0 ≤x → +∞, (1.2) which are assumed to satisfy the compatibility condition ρ 0 (0) = ρ − , u 0 (0) = u − .
Herex and τ represent the Eulerian space variable and the time variable, respectively, ρ(τ,x)(> 0), u(τ,x), and p = p(ρ) = ρ γ with γ ≥ 1 being the adiabatic exponent are, respectively, the density, the velocity, and the pressure, while the viscosity coefficient µ(> 0), ρ ± (> 0), and u ± are constants.
For such an initial boundary problem, as classified in [12] , the assumption that the boundary velocity u − > 0 implies that the fluid with the density ρ − flow into the region R + through the boundaryx = 0, and thus the problem (1.1) is called the inflow problem. The cases u − = 0 and u − < 0, where the condition ρ|x =0 = ρ − is removed, are called impermeable wall problem and the outflow problem, respectively. Throughout this manuscript, we will concerned with the inflow problem (1.1). For the corresponding impermeable wall problem and outflow problem, those interested are referred to [13, 16] and [4, 6, 8, 9, 10, 19, 20, 27] and the references cited therein, respectively.
The classifications of the large behaviors
To explain the main purpose of this manuscript, we first reformulate the initial-boundary value problem (1.1)-(1.2) as in [17] : Let x be the Lagrangian space variable, t be the time variable, and v = 1 ρ denote the specific volume, we can then transform the initial-boundary value problem (1.1)-(1.2) into the following problem in the Lagrangian coordinates:
x > s − t, t > 0, (v(t, x), u(t, x))| x=s−t = (v − , u − ), u − > 0, (v(t, x), u(t, x))| t=0 = (v 0 (x), u 0 (x)) → (v + , u + ), as 0 ≤ x → +∞, (1.3) where
The characteristic speeds of the corresponding hyperbolic system of (1.3) are It is now well-understood that the large time behaviors of global solutions to the Cauchy problem of the one-dimensional compressible Navier-Stokes equations (1.1) can be described by the i−rarefaction wave (V RW i (x/t; w l , w r ), U RW i (x/t; w l , w r )) (i = 1, 2) which is the unique rarefaction wave solution of the Riemann problem of the resulting Euler equations connecting the two states w l = (v l , u l ) and w r = (v r , u r ), the suitably shifted i−viscous shock wave (V VSW i (x−s i t+σ i ; w l , w r ), U VSW i (x−s i t+σ i ; w l , w r )) (i = 1, 2) connecting w l and w r and their superpositions (For some progress on the mathematical justifications of such an expectation, see [11, 14, 15, 16, 26] 8) and the entropy condition u r < u l (1.9)
is assumed to be hold. But for the initial-boundary value problem (1.3), as pointed out in [12] , the problem becomes complicated and to describe its large time behaviors, a new kind of nonlinear wave, the so-called boundary layer solution, or BL-solution simply in the rest of this manuscript, should be introduced which is due to the presence of the boundary. In fact, as shown in [3] , when (v − , u − ) ∈ Ω sub , since the
On the other hand, since 0 > λ 1 (v) > s − in Ω super , the two characteristic fields are away from the moving boundary and hence the large time behaviors of solutions are expected to be the same as those for the Cauchy problem. Moreover, setting
and noticing that c (v * ) > −λ 2 (v * ) holds for 1 < γ < 3, A. Matsumura [12] classified all possible large time behaviors of the solutions of the initial-boundary value problem (1.1)-(1.2) in terms of the boundary values (v − , u − ) and the far field (v + , u + ) of the initial data (v 0 (x), u 0 (x)) and it was shown in [12] that the large time behaviors to be expected divide the (v, u)−space as in Figure 1 which is taken from [17] .
Here,
where s 2 (a, b) is defined by (1.8).
Former results on the mathematical justification of the expected large time behaviors and the main purpose of this manuscript
For the mathematical justification of the above expected large time behaviors of the global solutions to the inflow problem (1.3) classified in [12] , there are some pregoess which can be outlined as in the following:
• A. Matsumura and K. Nishihara [17] established the asymptotic stability of the BL-solution and the superposition of a BL-solution and a rarefaction wave for the inflow problem (
X. D. Shi [24] studied the rarefaction wave case when
• For the result concerning the viscous shock wave for the inflow problem (1.3), F. M. Huang, A. Matsumura and X. D. Shi showed in [3] that the viscous shock wave and the superposition of a BL-solution and a viscous shock wave for the inflow problem (1.3) are nonlinear stable when
It is worth to pointing out that all the above nonlinear stability results ask that the initial perturbations are sufficiently small and strengths of some types of involving nonlinear waves such as the monotonic decreasing BL-solution, the rarefaction wave are assumed to be sufficiently small, while the strength of the monotonic increasing BL-solution is not necessarily weak and for the cases when the viscous shock wave V VSW 2 (ξ; w l , w r ) connecting the states w l = (v l , u l ) and w r = (v r , u r ) is involved, its strength |v r − v l | is assumed to satisfy the following Nishida-Smoller type condition:
Thus a natural question is: Do similar nonlinear stability results hold for large initial perturbations? For Cauchy problem of the one-dimensional compressible Navier-Stokes equations (1.3) 1 -(1.3) 2 , the main difficulty lies in how to control the possible growth of its solutions induced by the nonlinearity of equations under consideration and key point is to deduce the desired uniform positive lower and upper bounds on the specific volume v(t, x). For results in this direction for the case of the Cauchy problem, it is shown in [1, 15, 16] that the rarefaction wave is nonlinear stable for any large initial perturbation and the nonlinear stability of viscous shock wave for a class of large initial perturbation which can allow the initial density to have large oscillations is obtained in [26] .
For the inflow problem (1.3), in addition to the difficulty mentioned above, another difficulty is how to bound the boundary term induced by the inflow boundary condition (1.3) 3 . To overcome such a new difficulty, an argument which is based on Y. Kanel's method [7] is introduced in [5] for the case when its large time behavior is described by the BL-solution, the rarefaction wave, and the superposition of a BL-solution and rarefaction waves to yield the nonlinear stability of these elementary waves for a class of large initial perturbation which can allow the initial specific volume v 0 (x) to have large oscillations. Moreover it is also shown in [5] that the supersonic rarefaction wave is nonlinear stable for general large initial perturbation. Thus the results obtained in [5] generalize the nonlinear stability results obtained in [17] and [24] under small initial perturbations to the case of a class of large initial perturbations. Even so, no result has been obtained for the nonlinear stability of the viscous shock wave and the superposition of a BL-solution and a viscous shock wave under large initial perturbation and the main purpose of our present paper is to show that some nonlinear stability results similar to those obtained in [3] still hold for a class of large initial perturbation which can allow the initial density to have large oscillations.
To simplify the presentation, we will only concentrate on the case when (v − , u − ) ∈ Ω sub , (v + , u + ) ∈ S 2 (v − , u − ) in the rest of this paper. In fact by combining the argument used in this paper with those employed in [5] , similar result can also be obtained for the case of (v − , u − ) ∈ Ω sub , (v + , u + ) ∈ BLS 2 (v − , u − ).
Notations
Throughout this paper, δ := |v + −v − | denotes the strength of the 2−viscous shock wave and a positive constant C is said to be δ−independnet means that there exists a positive constant C 1 ≥ 1 which does not depend on δ such that C −1 1 ≤ C ≤ C 1 , c, C and O(1) represent some δ−independnet positive constant (generally large), , λ stand for some δ−independent positive constants (generally small), and C(·, ·) denotes for some generic positive constant depending only on the quantities listed in the parenthesis. Notice that all the constants c, C, C(·, ·), , and λ may take different values in different places.
A B means that there is a generic δ−independent constant C > 0 such that A ≤ CB and A ∼ B means A B and B A. A B can defined similarly.
For function spaces, L p (R + )(1 ≤ p ≤ ∞) denotes the usual Lebesgue space on R + with norm · L p and for k ∈ Z + , H k (R + ) represents the usual Sobolev space with the standard norm · k . It is easy to see that · 0 = · L 2 and to simplify the notation, we set · := · 0 = · L 2 in the rest of this paper.
Finally, We denote by C k (I; H p ) the space of k-times continuously differentiable functions on the interval I with values in
Preliminaries and main result
To make the presentation easy to read, we divide this section into several subsections and the first one is on the properties of the viscous shock wave.
Properties of the viscous shock wave
In this subsection, we first recall some properties of the viscous shock wave. As already pointed out in the first section, we will only consider the 2−viscous shock wave (V
To simplify the notations, we will set
and use s to denote s 2 (v − , v + ) in the rest of this paper. Consequently, we can deduce from (1.7), (1.
where (v − , u − ), (v + , u + ) and s are assumed to satisfied the Rankine-Hugoniot condition
and the entropy condition
Recall that δ := |v + − v − | denotes the strength of the 2−viscous shock wave (V (ξ), U (ξ)), we have the following result on the 2−viscous shock wave (V (ξ), U (ξ)):
2), and the entropy condition (2.3), there exists a unique viscous shock wave (V (ξ, U (ξ))(ξ = x − st) up to a shift, which connects (v + , u + ), (v − , u − ) and satisfies
(2.4)
Moreover, if v − and v + are assumed to be independent of δ, one can further deduce that the positive constant O(1) in (2.4) depends only on v ± but independent of δ and c ± = O(1)δ for some δ−independent positive constant O(1) which depends only on v ± .
The proof of the above proposition is almost the same as the one given in [3] , what we want to emphasize here is that although we ask δ, the strength of the viscous shock wave (V (ξ), U (ξ)), to be small, since v ± are assumed to be independent of δ, one can easily verify that the positive constant O(1) appearing in (2.4) depends only on v ± but is independent of δ. Moreover, it is easy to verify that c ± = O(1)δ for some δ−independent positive constant O(1) by the Taylor formula. We thus omit the details for brevity.
Main result
Similar to that of [3] , we now make the following transformation
to transform the original problem (1.3) to the following initial-boundary value problem
Since we will only consider the case [12] , the large time behavior of the solution to (2.5) is expected to be the suitably shifted 2−viscous shock wave (V (ξ − (s − s − )t + σ − β), U (ξ − (s − s − )t + σ) − β) for some suitably chosen constant β > 0. Here the shift σ is defined as in [15] :
where β > 0 is a suitably chosen constant whose precise range will be specified later. What we want to emphasize here is that the introduction of such a parameter β is motivated by [13] and the main purpose is to use it to control the boundary terms induced by the inflow boundary condition (2.5) 3 suitably. By choosing the shift σ as above, we can put
which means 8) and consequently the problem (2.5) can be reformulated as
Now we turn to state our main result. Firstly, assume that (H 1 ) There exist δ−independent constants l ≥ 0 and C 0 > 0 such that
, v − and v + are positive constants independent of δ;
and the compatibility condition
Under the above assumptions, we have
, we assume further that
hold for some δ−independent constants C 1 > 0, α > 0, h > 0 and κ > 0. If the positive parameters l, α, h and κ are assumed to satisfy:
2 l < h <
14)
, then there exists a suitably small δ 0 such that if 0 < δ ≤ δ 0 , the initial-boundary value problem (1.3) has a unique solution (v(t, x), u(t, x)) satisfying
for some positive constant C 2 independent of δ. Furthermore, it holds that
Remark 2.1. Several remarks concerning Theorem 1.1 are listed below:
• We affirm that the set of the parameters α > 0, κ > 0, l ≥ 0, and h > 0 satisfying the above conditions is not empty. In fact, let l = 0, (2.14) is equivalent to
thus, the existence of α, κ, h is easy to verify.
• It is easy to construct some initial perturbation (φ 0 (ξ), ψ 0 (ξ)) satisfying the conditions listed in Theorem 1. In fact for each function (f (ξ), g(ξ) ∈ H 2 (R + ) with
and for each α, β satisfying the conditions listed in Theorem 1, if we set
one can verify that such a (φ 0 (ξ), ψ 0 (ξ)) satisfies all the conditions listed in Theorem 1.
For such chosen (φ 0 (ξ), ψ 0 (ξ)), we can construct the initial data (v 0 (ξ), u 0 (ξ)) through (2.18) and noticing that
Thus from (2.18) and the fact that Osc V (ξ) = δ, Osc U (ξ) = sδ which are assumed to be sufficiently small, one can deduce that
which are sufficiently large for small δ since the parameters α and κ satisfies 0 < α < κ. Consequently, the assumptions we imposed on the initial perturbations in Theorem 1 can indeed allow the oscillations of both the initial specific volume v 0 (ξ) and the initial velocity u 0 (ξ) to be large. Moreover, from the estimate (2.16) and the facts that
one can easily deduce that for each t > 0, Osc v(t, ξ) can also be large for small δ.
• Unlike that of [3] , we use the smallness of both δ and u − to control the possible growth of the solutions to the inflow problem (1.3) caused by both the nonlinearity of the equations (1.3) 1 -(1.3) 2 and the inflow boundary condition (1.3) 3 . It is worth to pointing out that since our result holds for any γ > 1, it seems natural to ask δ, the strength of the viscous shock wave, to be small because for large γ, the condition (1.10) imposed in [3] implies that δ is sufficiently small. It would be of some interest to see whether similar stability result holds or not for a class of large initial perturbations satisfying similar conditions imposed in Theorem 1 but the strength of the viscous shock wave is only assumed to satisfy the condition (1.10) imposed in [3] .
• For the inflow problem to the full compressible Navier-Stokes equations, some nonlinear stability results with small initial perturbation are obtained in [2, 18, 21, 22, 23] , we are convinced that some results similar to that of [5] and this paper can also be obtained which can allow the initial density to have large oscillations.
Main ideas used to deduce our main result
To yield a global solvability result to the initial-boundary value problem (2.9), in addition to the difficulty on the possible growth of its solution (φ(t, ξ), ψ(t, ξ)) induced by the nonlinearity of the equations (2.9) 1 -(2.9) 2 , the another is how to control the boundary terms caused by the inflow boundary condition (2.9) 3 . To outline our main ideas used in this manuscript, we first recall the main ideas used in [3] to overcome these two difficulties as in the following:
• The first is to use the smallness of N (T ) := sup 0≤t≤T (φ, ψ)(t) L ∞ to deal with the possible growth of (φ(t, ξ), ψ(t, ξ)) caused by the nonlinearity of the equations (2.9) 1 -(2.9) 2 . One of the key points in such an argument is that, based on the a priori assumption that N (T ) is sufficiently small, one can deduce a uniform lower and upper positive bounds on the specific volume v(t, ξ) which plays an essential role in deducing the desired a priori estimates on (φ(t, ξ), ψ(t, ξ));
• As for the control of the boundary terms, there are two main ingredients in the analysis of [3] : The first is to introduce a parameter β in the shift σ given by (2.6). It is motivated by [13] and the main observation is that if one chooses β > 0 sufficiently large such that β |σ|, which is guaranteed by the smallness of the initial perturbation imposed in [3] , then some terms arising from the boundary terms can be controlled suitably, cf. Lemma 4.1 in [3] . The another is the introduction of a new variable ψ = ψ − s − φ to control the term ψ 2 (t, 0) which was one of the main difficulties in the study of the nonlinear stability of viscous shock wave for the inflow problem (1.3) pointed out in [17] . The observation in [3] is that when the energy method is applied to the new reformulated system, the first energy inequality does not contain the term ψ 2 (t, 0) provided that |s − | is small enough, which means that the estimates for the term ψ 2 (t, 0) could be exactly bypassed and thus the desired a priori estimates can be obtained.
Based on the above two points, the authors obtained the desired H 2 (R + )−norm a priori energy type estimates on (φ(t, ξ), ψ(t, ξ)) in [3] in terms of the initial perturbation (φ 0 (ξ), ψ 0 (ξ)) and the factor e −c−β which can be chosen as small as we wanted if one chooses β > 0 suitably large. From which the corresponding nonlinear stability result with small initial perturbation can be obtained by the standard continuation argument.
But to deduce a global existence result to the initial-boundary value problem (2.9) with large data which can allow the initial density to have large oscillations, the argument used in [3] cannot be used any longer. Our main ideas to yield the desired nonlinear stability results are the following:
• The first is on the way to use the parameter β to control certain boundary terms. Our main observation is that, even though δ, the strength of the viscous shock wave, is assumed to be small in our analysis, under the assumptions imposed in Theorem 1 on the initial perturbation (φ 0 (ξ), ψ 0 (ξ)), we can indeed prove that the shift σ given by (2.6) satisfies |σ| δ −1 and consequently, if we choose β ∼ o(δ −1 ), then the boundary terms can also be controlled suitably, cf. Lemma 3.2;
• Unlike the analysis in [3] where the smallness of the H 2 (R + )−norm of the initial perturbation is used to the possible growth of (φ(t, ξ), ψ(t, ξ)) caused by the nonlinearity of the equations (2.9), we use the smallness of δ, the strength of the viscous shock wave, instead. The main difficulty lies in how to yield the uniform positive lower and upper bounds on the specific volume v(t, ξ). It is worth to emphasize that Kanel's argument [7] plays an important role in this step and it was to guarantee that the whole analysis to be carried out smoothly that we need to ask the parameters l, α, h, and κ to satisfy the conditions (2.14) in Theorem 1.
The proof of our main result
This section is devoted to proving our main result. To this end, for some positive constants 0 < T ≤ +∞, m and M , we first give the set of functions X m,M (0, T ) from which the solution to the initial-boundary value problem (2.9) is sought as follows:
Our main result will be proved by combining the local existence result to the initial-boundary value problem (2.9) with some a priori estimates. For this purpose, we first consider the local existence result in the following subsection.
Local solvability result in X m,M (0, T )
The local-in-time existence of the solution (φ(t, ξ), ψ(t, ξ)) to the initial-boundary value problem (2.9) in X m,M (0, T ) has been studied in [3] , we thus cite the result there as in the following proposition:
then there exists t 0 > 0 depending only on m, M and (φ 0 , ψ 0 ) 2 such that the initial-boundary value problem (2.9) has a unique solution (φ(t, ξ), ψ(t, ξ)) ∈ X m/2,2M (0, t 0 ) satisfying
Certain a priori estimates
Assume that the local solution (φ(t, ξ), ψ(t, ξ)) obtained in the Proposition 3.1 has been extended to the time t = T ≥ t 0 ≥ 0, in order to show that T = ∞, we now turn to deduce certain energy type estimates on (φ(t, ξ), ψ(t, ξ)) ∈ X m,M (0, T ) for some positive constants m and M and consequently
Without loss of generality, we can assume that m ≥ 1 and M ≥ 1. Moreover we assume further that
Firstly, we give some estimates on the shift σ and the boundary terms.
Lemma 3.1. Assume that the conditions listed in Theorem in 2.1, it holds that |σ| δ −1 .
Proof: Noticing that δ c± ∼ 1, it is easy to see from Proposition 2.1 that
holds for any d ∈ R, we thus get that
Under the conditions listed in Theorem 1, it can be deduce from (3.4) that |σ| δ −1 . This completes the proof of Lemma 3.1.
With the estimate on the shift σ obtained in Lemma 3.1 in hand, we now turn to control the involving boundary terms suitably which is the main content of the next lemma Lemma 3.2. Assume that (φ(t, ξ), ψ(t, ξ)) obtained in the Proposition 3.1 has been extend to the time step t = T and satisfies the conditions listed above, i.e. (φ(t, ξ), ψ(t, ξ)) ∈ X m,M (0, T ) and the a priori assumption (3.3) is assumed to hold, then if β > 0 is chosen sufficiently large such that β ≥ |σ|, it holds for each 0 ≤ t ≤ T that Although c − ∼ δ, if we choose β > 0 sufficiently large such that δ · β = o δ −1 , then if δ, the strength of the viscous shock wave, is small enough, the estimates (3.5) tell us that the contributions of all these integrals involving the boundary terms can be as small as wanted.
Proof: Firstly, noticing that c − = O(1)δ and β ≥ |σ|, one can get from Proposition 2.1 that where we have used |σ| δ −1 . On the other hand, due to
we can get from Proposition 2.1 that Here again we have used the facts that s is independent of δ, c − = O(1)δ, β ≥ |σ|, and |σ| δ −1 .
Similarly, one can get that At last, by the equation
This completes the proof of Lemma 3.2.
The next result is concerned with the basic energy estimate, which is stated in the following lemma.
Lemma 3.3. Let (φ(t, ξ), ψ(t, ξ) satisfy the conditions listed in Lemma 3.2, then there exists a sufficiently small positive constant 1 independent of δ such that if
(3.6)
Proof: As in [3] , let ψ = ψ − s − φ, the problem (2.9) can be changed into
where 
and noticing the fact that ψ = ψ − s − φ and |p (V ) + s 2 − | can be bounded by some positive constant independent of δ from both below and above, which follows from the facts that both δ and |s − | are assumed to be sufficiently small and v ± , the far fields of V (ξ), are independent of δ, then integrating the above identity with respect to t and x over [0, t] × R + yields
Now we deal with I j (j = 1, 2, 3, 4) term by term. To this end, noticing first that
, we can get from Lemma 3.2 that On the other hand, due to
one can deduce from (3.2) again that
By choosing η > 0 small enough, we can get by inserting the above estimates on
(3.12)
Recall that ψ = ψ − s − φ, it is easy to get the estimate (3.6) from (3.12) . This completes the proof of Lemma 3.3.
Now we turn to deduce the higher order energy estimates on (φ(t, ξ), ψ(t, ξ)). To this end, we can get first that Lemma 3.4. Under the same assumptions listed in Lemma 3.2, it holds for each 0 ≤ t ≤ T that
(3.13)
Proof: Differentiating (2.9) 1 -(2.9) 2 with respect to ξ once yields
Multiplying (3.14) 1 by (p(V ) − p(v)) and (3.14) 2 by ψ ξ , it holds that
where
Integrating the above identity with respect to t and x over [0, t] × R + yields
To bound I j (j = 5, 6, 7) term by term, noticing first that
we have
and consequently
Thus we can get from Lemma 3.2 that
Inserting the above estimates into (3.16), we can get (3.13) immediately. This completes the proof of Lemma 3.4.
Combing the estimates obtained in Lemma 3.3 and Lemma 3.4, it holds φ, ψ, 
we can get by multiplying the above equation by φ ξ and by noticing U ξ < 0 that
Integrating the above inequality with respect to t and x over [0, t] × R + , we get
(3.20)
Thus we finally get from (3.18), (3.20) , and Lemma 3.2 that
If N (t), |s − | and δ are chosen sufficiently small such that
hold for some sufficiently small positive constant 2 > 0 independent δ, then we can deduce from (3.21) that
Inserting the above estimate into (3.18), we can get the following result Lemma 3.5. Under the assumptions listed in Lemma 3.2, there exists a sufficiently small positive constant 2 independent of δ such that if 22) then it holds for each 0 ≤ t ≤ T that
and φ, ψ,
(3.24)
Now we pay attention to the term
Moreover, due to
we can rewrite (2.9) 2 as
Based on (3.26), we can deduce the following result Lemma 3.6. Under the same assumptions listed in Lemma 3.5, it holds for each 0 ≤ t ≤ T that 
(3.29)
Integrating the above identity with respect to t and ξ over [0, t] × R + , we can obtain
As to the estimates on I j (j = 8, 9, 10), we first bound I 9 and I 10 from (3.2) as follows
(3.31)
therefore, from Lemma 3.2, I 8 can be controlled by
Putting these estimates on I j (j = 8, 9, 10) into (3.30), we have 
Therefore for some λ > 0 to be chosen later, one has 1 and M = M 1 and consequently the estimates (3.55), (3.56) and (3.57) obtained in Lemma 3.2-Lemma 3.8 hold for each 0 ≤ t ≤ t 0 + t 1 . If we take (φ(t 0 + t 1 , ξ), ψ(t 0 + t 1 , ξ)) as the initial data and employ Proposition 3.1 again, we can then extend the above solution (φ(t 0 + t 1 , ξ), ψ(t, ξ)) to the time step t = t 0 + 2t 1 . Repeating the above procedure, we thus extend (φ(t, ξ), ψ(t, ξ)) step by step to the unique global solution and the estimates (3.55), (3.56) and (3.57) hold for each t ≥ 0 provided that the conditions (H 1 )-(H 3 ) are assumed to be hold, the initial perturbation (φ 0 (ξ), ψ 0 (ξ)) satisfies (2.13) with the parameters α, κ and l satisfy (3.65)-(3.66), and δ satisfies 0 < δ ≤ δ 0 := min{δ 2 , δ 3 }. Noticing that (3.65) and (3.66) are nothing but the assumption (2.14) imposed in Theorem 1, we thus complete the proof of Theorem 1.
